It is shown that a (singular) real analytic hypersurface X ⊂ C n is locally polynomially convex at a point p ∈ X if and only if X is Levi-flat and p is not a dicritical singularity of X. α:
Introduction
Local polynomial and rational convexity (or lack of it) is an important property of real submanifolds in complex Euclidean spaces that has many applications. It is well-known that any totally real submanifold is locally polynomially convex, while most CR submanifolds of positive CR-dimension are not. In this paper we give a complete characterization of local polynomial convexity of singular real analytic hypersurfaces. We refer the reader to the next section for relevant definitions.
Theorem 1. Let Γ ⊂ C n , n > 1, be an irreducible real analytic hypersurface, 0 ∈ Γ. Then Γ is locally polynomially convex at 0 if and only if Γ is Levi-flat and 0 is not a dicritical singularity of Γ. Further, if 0 is a dicritical singularity of a Levi-flat Γ, then Γ is not locally rationally convex at 0, and the rationally convex hull of any compact neighbourhood K ⊂ Γ of 0 in Γ contains a family of analytic discs attached to K.
In particular, it follows from Theorem 1 that for any point p ∈ Γ near which Γ is Levi flat but p is not a dicritical singularity, there exists a neighbourhood K of p in Γ such that there are no Riemann surfaces attached to K. We note that it is not true in general that a smooth Levi-flat hypersurface does not admit "large" holomorphic discs attached to it, as can be seen in the example of Γ = {(z 1 , z 2 ) ∈ C 2 : |z 1 | = 1}. As an immediate corollary, we obtain the following characterization of dicritical singularities. 
Background
Before we present the proof we quickly review some relevant terminology and refer the reader to [3] , [7] , and [6] for a detailed discussion of real analytic Levi-flat hypersurfaces. A real analytic hypersurface in C n is a closed set of dimension 2n − 1 locally, near any point, given by
where ρ : U → R is a real analytic function. We call q ∈ Γ a regular point, if Γ is a real analytic submanifold of dimension 2n − 1 in a neighbourhood of q, i.e., a smooth analytic hypersurface near q. The union of all regular points form the regular locus denoted by Γ * . Its complement Γ sng := Γ \ Γ * will be called the singular locus of Γ. We say that Γ is irreducible if it cannot be represented as the union of two real analytic hypersurfaces. The singular locus of Γ may contain points where Γ is a smooth manifold of dimension less than 2n − 1 (the so-called stick), even if Γ is irreducible. We emphasize that in this paper we ignore such points and simply call Γ * the real analytic hypersurface, even if this set is only semianalytic. This is natural from the point of view of foliation theory. A hypersurface Γ is called Levi-flat if near every regular point it is locally biholomorphically equivalent to a real hyperplane
This local equivalence induces a foliation on Γ * by complex hypersurfaces, called the Levi foliation. Equivalently, Γ is Levi-flat if the restriction of the complex Hessian of ρ to T Γ * (the Levi form) vanishes identically. A singular point p of a Levi-flat hypersurface is called dicritical if infinitely many geometrically different leaves of the Levi foliation have p in their closure. For local analysis we may assume that 0 ∈ Γ and that ε > 0 is so small that the function ρ admits a convergent in the ball B(0, ε) Taylor expansion
Its complexification is defined by
If U is a sufficiently small neighbourhood of the origin, the series (4) converges for all z, w ∈ U . For w ∈ U the complex analytic hypersurface given by
is called the Segre variety of the point w associated with Γ. Segre varieties are defined invariantly with respect to the choice of the defining function ρ(z) of Γ, see [6] . From the reality condition on ρ it follows that
Further, let q ∈ Γ * . Denote by L q the leaf of the Levi foliation through q. Then the leaf L q is contained in the unique irreducible component of Q q . In a small neighbourhood of q this is also a unique complex hypersurface through q which is contained in Γ. It was proved in [6] that p is a dicritical singularity if and only if p is a Segre degenerate point of Γ, i.e., the Segre variety of p is all of C n . In particular, it follows from this that in C 2 all dicritical singularities are isolated.
A multiple-valued first integral of Γ is a d-valued holomorphic or meromorphic correspondence Z ⊂ U × CP which is constant along the leaves of the Levi foliation. Recall that a d-valued holomorphic (resp. meromorphic) correspondence between complex manifolds M and N is a complex analytic subset Z ⊂ M × N such that the projection π M : Z → M is a proper surjective d-to-1 (resp. generically d-to-1) map. Such a set Z is the first integral of Γ if the corresponding d-valued map π CP • π −1 U : U → CP is constant along the leaves of the Levi foliation. It was proved in [7] that any real analytic Levi-flat hypersurface admits a first integral near a nondicritical singularity. We briefly recall this construction here to explicitly formulate a result needed in this paper. Let Γ be an irreducible Levi-flat hypersurface with a nondicritical singular point 0 ∈ Γ. Then there exists a complex line A ⊂ C n such that Q 0 ∩ A = {0}, A ⊂ Γ sng , and A intersects every leaf of the Levi foliation near 0. For the unit disc D ⊂ C, let
be an anti C-linear parametrization of the complex line A. The complexification of the defining function of Γ as in (4) defines a complex analytic hypersurface near the origin in C 2n , and this defines a complex analytic set
The set Y can be thought of as the union of Segre varieties of points parametrized by the line A. By construction the natural projection π : Y → U is a proper map with discrete fibres. It is proved in [7] that π : Y → U is the first integral of the singular web that extends the Levi foliation on Γ. In particular, we obtain the following: if 0 is a nondicritical singularity of an irreducible real analytic Levi-flat hypersurface Γ, then there exists a proper holomorphic correspondence (d-valued holomorphic map) f : U → V , V ⊂ C, which is constant along the leaves of the Levi foliation on Γ * .
A compact X ⊂ C n is called polynomially convex if the polynomially convex hull X = {z ∈ C n : |P (z)| ≤ sup w∈X |P (w)|, P is any holomorphic polynomial} coincides with X. A compact X is called rationally convex if it agrees with its rationally convex hull defined as the set of all points z ∈ C n for which one cannot find a complex algebraic hypersurface that passes through z and avoids X. We say that X is locally polynomially (resp. rationally) convex at a point p ∈ X, if there exists a neighbourhood basis of p which consists of polynomially (resp. rationally) convex compacts. It is generally very difficult to determine whether a given compact is polynomially or rationally convex. One of the convenient tools is Oka's characterization of polynomial convexity. The following formulation of Oka's principle can be found in Stout [8, Cor. 2.1.6]: Let X ⊂ C n be a compact set, let Ω be an open set that contains X, and let z 0 be a point of Ω. The point z 0 is not in X if there exists a continuous family {V t } t∈[0,1) of principal analytic hypersurfaces in Ω that diverges to infinity in Ω and that satisfies the conditions that z 0 ∈ V 0 and V t ∩ X = ∅ for all t ∈ [0, 1). Finally, we refer the reader to [2] for the theory of subanalytic sets.
Proof
Proof of Theorem 1. That a C 1 -smooth real hypersurface is polynomially convex iff it is Leviflat follows from Airapetyan [1] . For a smooth real analytic hypersurface Γ the proof of this is immediate. Indeed, if p is a point on Γ where the Levi form of Γ does not vanish identically, then there exists a continuous family of holomorphic discs attached to Γ which contracts to p, see, e.g., Boggess [4] for details. This implies that p is not polynomially (or even rationally) convex at p. The set of points where the Levi form has at least one nonzero eigenvalue is a dense opens subset of Γ, and therefore, any neighbourhood K of any point in Γ has Levi-nonflat points, and so Γ is not polynomially (and not rationally) convex at any point. The converse can be seen as follows: for any smooth point p on a real analytic Levi-flat Γ, there exists a neighbourhood of p in Γ which is locally biholomorphically equivalent to the hyperplane H given by (2) . A convex compact in H is polynomially convex, which can be easily seen from Oka's characterization of polynomial convexity, and therefore Γ is locally polynomially convex at p. If p ∈ Γ is a singular point of Γ and Γ * is not Levi flat, then any neighbourhood K of p in Γ contains points in Γ * where the Levi form has at least one nonzero eigenvalue, and therefore K is not polynomially (or rationally) convex by the argument above. Hence, the interesting case occurs when Γ is Levi-flat and p ∈ Γ is a singular point. We will show that Γ is locally polynomially convex at p if and only if p is a nondicritical singularity.
Let p = 0 be a nondicritical singularity of a Levi-flat Γ ⊂ C n , n > 1. Recall again that in this context we only deal with Γ = Γ * and ignore the points near which dim Γ < 2n−1. As discussed in the previous section, Γ admits a holomorphic first integral, i.e., there exist a open neighbourhood U ∈ C n of 0, an open setṼ ⊂ C, and a proper holomorphic correspondence f : U →Ṽ that is constant along the leaves of the Levi foliation on Γ * ∩ U . Let Y = f −1 (f (Γ)). Then Y is a subanalytic subset of U of dimension 2n − 1 with Γ ⊂ Y . Without loss of generality we may assume that f (0) = 0. The set f (Γ) ⊂Ṽ is subanalytic, and there exists a neighbourhood V of the origin in C such that f (Γ) ∩ V consists of finitely many analytic arcs passing through the origin. In particular, the complement of f (Γ) in V does not contain any connected components that are relatively compact in V .
Let ε > 0 be so small that B(2ε) ⊂ f −1 (V ), and let K = X ∩ B(ε). Clearly, K ⊂ B(2ε). To prove that K = K we apply Oka's principle described above. Let q ∈ B(2ε) \ Y be arbitrary. The set f −1 (f (q)) is a complex hypersurface in U by the Remmert proper mapping theorem (see, e.g., [5] ). By construction, f −1 (f (q)) ∩ K = ∅. To construct the required continuous family of complex hypersurfaces we simply choose a path γ : [0, 1] → C connecting the point γ(0) = f (q) with a point γ(1) outside f (B(2ε)) such that γ avoids f (Γ). For each t ∈ [0, 1] the set f −1 (γ(t)) is then a complex hypersurface that avoids K and f −1 (γ(1)) does not intersect B(2ε). This shows that q / ∈ K. If now q ∈ Y \ Γ, then the set f −1 (f (q)) contains several irreducible components one of which, say, S q passes through q. We claim that S q ∩ Γ = ∅. Indeed, if S q intersects Γ then it intersects one of the leaves of the Levi foliation. From the positivity of the intersection index of complex varieties it follows that S q intersects all leaves of the foliation on Γ, but this is not possible because the leaves correspond to different level sets of f . As above we may find a path connecting f (q) with a point outside f (B(2ε)) that avoids f (Γ), which again gives us the required continuous family of complex hypersurfaces. This shows that K is polynomially convex, and so Γ is locally polynomially convex at the origin.
Suppose now that 0 ∈ X is a dicritical singularity. It suffices to consider the case n = 2, in which case 0 is an isolated dicritical singularity of Γ. Let U be a neighbourhood of the origin where all Segre varieties are well-defined. We claim that there exists a point w 0 ∈ U \ Γ such that
Let Γ c ⊂ C 2 z × C 2 w be the complexification of Γ, i.e., the zero locus of the function ρ(z, w) in (4), and let π z : Γ c → C 2 z and π w : Γ c → C 2 w be the coordinate projections. Then Σ = π z (π −1 w (Γ)). Since the generic fibres of π w and π z have (complex) dimension 1, it follows that dim R π −1 w (Γ) = 5, and dim R Σ = 3. Thus, there exists a point w 0 / ∈ Σ. Then Q w 0 passes through the origin (since 0 is dicritical) but does not contain any other points in Γ. The latter can be seen as follows: if w ∈ Q w 0 ∩ Γ, w = 0, then w 0 ∈ Q w by (6) , but this contradicts w 0 / ∈ Σ. We now translate Q w 0 slightly so that the translated hypersurface S intersect smooth points on Γ. Then the set S ∩ Γ, which is a real analytic set (we may have to add points from the stick in Γ if it exists), contains a closed real curve. This curve bounds a domain in S because it can be contracted to a point by shifting S back to Q w 0 . This domain is a holomorphic disc which is attached to Γ. This shows that no neighbourhood of the origin in Γ can be polynomially convex.
Finally, no neighbourhood of the origin can be rationally convex for the following reason: let z be a point on one of the discs attached to Γ through the above process. If z is not in the rationally convex hull of a compact neighbourhood K ⊂ Γ of the origin, then there exists a complex algebraic hypersurface R that passes through z and avoids K. But R intersects the variety attached to Γ, and by the positivity of the intersection index for varieties it follows that R either intersects the whole family of the varieties attached to Γ, and hence passes through the origin, or R intersects the boundary of some variety, i.e., intersects K. This contradiction shows that K is not rationally convex.
